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A rooted-trees g-series lifting a one-parameter 
family of Lie idempotents 

F. Chapoton 
July 11, 2008 

Abstract 

We define and study a series indexed by rooted trees and with coeffi- 
cients in Q(g). We show that it is related to a family of Lie idempotents. 
We prove that this series is a g-deformation of a more classical series and 
that some of its coefficients are Carlitz q- Bernoulli numbers. 



1 Introduction 



< 

1^ ' The aim of this article is to introduce and study a series f2^ indexed by rooted 

j^ \ trees, with coefficients that are rational functions of the indeterminate q. 

The series Q,q is in fact an element of the group Gp\_ of formal power series 
indexed by rooted trees, which is associated to the PreLie operad by a general 
functorial construction of a group from an operad [Cha02a[ lvdL03[ ICha07b[ 
ICL07| . As there is an injective morphism of operads from the PreLie operad to 
^•^ • the dendriform operad, there is an injection of groups from Gp\_ to the group 

fT^ \ GDcnd, which is a group of formal power series indexed by planar binary trees. 

OO ' This means that each series indexed by rooted trees can be mapped to a series 

indexed by planar binary trees, in a non-trivial way. 
f">». ■ There is a conjectural description of the image of this injection of groups 

^D \ (see I Cha07a[ Corollary 5.4]). This can be stated roughly as the intersection in 

a bigger space (spanned by permutations) of the dendriform elements with the 
Lie elements. The inclusion of the image in the intersection is known, but the 
converse is not. 

One starting point of this article was the existence of a one-parameter family 

of Lie idempotents belonging to the descent algebras of the symmetric groups 

Cd I jDKLT94| IKLT97) . As Lie idempotents, these are in particular Lie elements. As 

elements of the descent algebras, these are also dendriform elements. Therefore, 

according to the conjecture stated above, they should belong to the image of 

GpL in GDcnd- 

Bypassing the conjecture, we prove this by exhibiting an element Viq of Gp\_ 
and then showing that its image is the expected sum of Lie idempotents. 

We then obtain several results on Viq. First, we prove that the series Viq has 
only simple poles at non-trivial roots of unity and in particular, can be evaluated 
at q = 1 . Then we show that Vlq is a g-deformation of a classical series 51 which 
is its value at q = 1. We also compute the value at g == and the appropriate 
limit value when q = oo. 



We then consider the images of Clq in some other groups. There are two 
morphisms of groups from Gpi to usual groups of formal power series in one 
variable. Looking at corollas only, one gets a map from Grl to the group of 
formal power series with constant term 1 for multiplication. The image of J7q is 
then the generating function of the g-BernouUi numbers introduced by Carlitz, 
that appear quite naturally here. 

On the other hand, looking at linear trees only, one gets a map from Grl 
to the composition group of formal power series without constant term. The 
image of fig is then a g-logarithm. 

The present work received support from the ANR grant BLAN06-1_136174. 
Many useful computations and checks have been done using MuPAD. 

2 General setting 

We will work over the field Q of rational numbers and over the field Q{q) of 
fractions in the indeterminate q. 

We have tried to avoid using operads as much as possible, but this language 
is needed at some points in this article. The reader may consult |Lod01[[Cha07b| 
as references. The symbol o will denote the composition in an operad and the 
symbols b and t] will serve to note the place where composition is done. 

2.1 Pre-Lie algebras 

Recall (see for instance |CL01| ) that a pre-Lie algebra is a vector space V 
endowed with a bilinear map ^^ from V (EiV to V satisfying the following axiom: 

(x -/^ y) ^r\ z — X -jT^. (y -^r^ z) = (x ^r\ z) -/^ y — X -jT^. (z 'r^ y) . (1) 

This is sometimes called a right pre-Lie algebra. 

The pre-Lie product ^^ defines a Lie bracket on V as follows: 

[x,y]=x ^y-y -r^x. (2) 

One can easily check that the pre-Lie axiom ([T]) implies the Jacobi identity for 
the anti-symmetric bracket [ , ] . 

The pre-Lie product ^r^ can also be considered as a right action ^r^ of the 
associated Lie algebra (F, [ , ]) on the vector space V. Indeed, one has 

(x '^^ y) -^r^ z — (x -/^ z) -jr^ y = X -^r^ [y^ z]. (3) 

This should not be confused with the adjoint action of a Lie algebra on itself. 

2.2 Free pre-Lie algebras 

The free pre-Lie algebras have a simple description using rooted trees. Let us 
recall briefly this description and other properties. Details can be found in 
[CLOT] . 

A rooted tree is a finite, connected and simply connected graph, together 
with a distinguished vertex called the root. We will picture rooted trees with 
their root at the bottom and orient (implicitly) the edges towards the root. 



There are two distinguished kinds of rooted trees: coroUas (every vertex other 
than the root is hnked to the root by an edge) and hnear trees (at every vertex, 
there is at most one incoming edge), see Fig. [TJ A forest of rooted trees is 
a finite graph whose connected components are rooted trees. 

The free pre-Lie algebra PL(5') on a set 5" has a basis indexed by rooted trees 
decorated by S, i.e. rooted trees together with a map from their set of vertices 
toS". 

The pre-Lie product T -r^ T' oi a, tree T' on another one T is given by the 
sum of aU possible trees obtained from the disjoint union of T and T' by adding 
an edge from the root of T' to one of the vertices of T (the root of the resulting 
tree is the root of T). 

In particular, we will denote by PL the free pre-Lie algebra on one generator. 
This is the graded vector space PL — 0„>iPL„ spanned by unlabeled rooted 
trees, where the degree of a tree T is the number #T of its vertices. The pre-Lie 
product obviously preserves this grading. We will denote by * the associative 
product in the universal enveloping algebra U{PL) of the Lie algebra PL. 

There exists a unique isomorphism ^ of graded right PL- modules between 
the free right [/(PL)-module on one generator g of degree 1 and the PL-module 

(PL,.r^) such that "ip maps the generator g to •, the unique rooted tree with one 
vertex. 

This means that there is a commutative diagram as follows: 

Qg®C/(PL)(»PL^^^^PL«)PL. (4) 

Id (8* 

Qg(g)U{Pl)— ^PL 

One can use the bijection ip and the canonical basis of PL to get a canonical 
basis of the enveloping algebra U{PL) indexed by forests of rooted trees. The 
degree of a forest F is the number of its vertices #i^. The image of the usual 
inclusion of PL in U{PL) is the subspace spanned by rooted trees. In this basis 
of [/(PL), there is a nice combinatorial description of the associative product •. 
Let F and F' be forests in C/(PL). The product F-kF' is the sum of all possible 
forests, obtained from the disjoint union of F and F' by the addition of some 
edges (possibly none), each of these new edges going from some root of F' to 
some vertex of F . 

There is a canonical projection tt from C/(PL) to PL, defined using the canon- 
ical basis of [/(PL) by projection on the subspace spanned by rooted trees, 
annihilating the empty forest and all forests that are not trees. 

Lemma 2.1 Let F he a forest in [/(PL) and T be a rooted tree m PL. Then 
one has ■n{F * T) = ■n{F) ^ T. 

Proof. If F is not a tree, then each term of F • T is not a tree, therefore both 
sides vanish. If F = 7r(F) is a tree, then F*T is the sum of it{F) -r^ T with 
the disjoint union of F and T. Therefore 7r(F • T) = ■n{F) ^T. ■ 

Lemma 2.2 For all n > 1, the maps T ^^ 9 -r^T and T ^^ T -/~\ are injective 
from PL„ to PL„+i. 



Proof. This is obvious for the first map, which is even an injection on the set 
of rooted trees. For the second map, this foUows from the fact that enveloping 
algebras are integral domains, by restriction of the commutative diagram ^. ■ 

In the sequel, we will always work in the completed vector space PL = 
n„>i PLn and with its completed enveloping algebra [/(PL). All the results 
above are still true in this setting. 

There is a group associated to each operad, see |Cha02a[ IvdLOSI ICha07b[ 
ICL07| . We will need the group Gpi associated to the PreLie operad. Its elements 

are the elements of PL whose homogeneous component of degree 1 is •. Product 

in GpL is defined using the composition of the PreLie operad and • is the unit 
in GpL. This group is contained in the bigger monoid PL, on which it therefore 
acts on the right and on the left. The right action respects all the operations on 
PL induced by the product ^^, including the product and the action of C/(PL). 
Let us now introduce a special element of Gpl, for later use. Let exp* G Gpi 
be 

exp*=»^ ('(exp(»)-l)/»V (5) 



The series exp* is very classical, and its coefficients are known as the Connes- 
Moscovici coefficients (see jCha02an . 

Let us consider the left action of exp* on PL. Let T be an element of PL. 
Then exp*(T) of PL is defined by 

exp*(r) = ^^((r^T)^...)^r, (6) 

n>l 

where there are n copies of T in the n*^ term. As exp* belongs to the group 
GpL, the map exp* defines a bijection from PL to itself. 

Let us now relate the usual exponential map exp to the map exp*. 

Let T be an element of PL. Let exp(r) be the exponential of T in [/(PL) 
(which is defined by the usual series and using the • product). The map exp 
defines a bijection from PL to the set of group-like elements of [/(PL). 

Therefore, the composite map exp* o exp" ^ is a bijection from the set of 
group-like elements in U{PL) to PL. Let us show that this composite map is 
just a restriction of the canonical projection tt. 

Proposition 2.3 Let T be an element of PL. One has 7r(exp(r)) = exp*(T). 

Proof. Let F be in [/(PL). From Lemma [^TT] above, one knows that tt{F -kT) 
is exactly tt{F) -r^ T. This implies that 

7r(r*") = ((T^T)...)^T, (7) 

for all n > 1, hence the result. ■ 

3 The classical case 

Let us start by recalling the definition of a classical element of PL with rational 
coefficients. It was considered under the name of log* in [Cha02a| and has been 
since studied in |Mur06[ IWZ03[ lEFMOSi ICEFMOS] . 



Proposition 3.1 There is a unique solution Q in PLq to the equation 

where foi-i *'^ *"" ^^^ completed enveloping algebra U{PL). 

Proof. Let us write il = J2n>i ^n where each ri„ is homogeneous of degree n. 
Recall the Taylor expansion 

^ = V —x^ (9) 

exp(x) -I ^ k\ ' ^ ' 

where the Bk are the Bernoulli numbers. 

Then the homogeneous component of degree n of equation ([8|) is 

"" = E|f E ((•^a„j...)^f^mi- (10) 

A:>0 7ni>l,...,T?ifc>l 
?)^lH h^Tifc— ^ — 1 

This gives a recursive definition of $!„, which implies the existence and 
uniqueness of Q. H 

Remark: one can use equation (jlOp to compute 17 up to order n in a 0(n^) 
number of pre-Lie operations. 

As the element (m-i is invertible in the completed enveloping algebra, 
equation ^ is also equivalent to the following equation: 

One can interpret equation pT|) as follows. 
Proposition 3.2 The series fl is the inverse o/exp* in the group Grl- 

Proof. By right action by the inverse il^^ of fl in Gpi on (fTTjl . one shows that 
ri~^ satisfies the same equation ^ as exp*. ■ 

There is another equation for Q. 

Proposition 3.3 The series fl is the unique non-zero solution in PLq to the 
equation 

n -r-. {exp{n) - 1) = • ^ n, (12) 

where exp(r2) — 1 is in the completed enveloping algebra U{PL). 

Proof. First, by right action on (fTT|) by fl, one can see that the unique solution 
ri of (HI) is indeed a solution of (fT2|) . 

Let us now prove uniqueness of a non-zero solution. Let f2 be any solution 
of UH). Let us write fi = J2n>i ^n where each J7„ is homogeneous of degree n. 



Then the homogeneous component of degree n of equation (J12p is 

• ^rj„_i = ^— ^ ((f^£^rj,mj...) ^r2,„i. (13) 

k>l ■ mi>l,...,mfc>l,f>l 

If T7, = 2, this imphes that fii is either or •. 

Assume now that fl is not zero. Let d be the degree of the first non-zero 
homogeneous component ri^ of fi. Assume that d > 1. Then the equation (fT5)) 
in degree d + I, together with Lemma [2.21 gives that fid = 0, a, contradiction. 

Therefore necessarily, one has d — 1 and f^i = •. 

Let us look at the homogeneous component p^ in degree n+1 > 2. The only 

terms involving f2„ are • -jt^ n„ in the left-hand side and Qi ^^^ f2„, Qn -^ ^i in 

the right hand-side. As fli = •, two of them cancel out and one gets a recursive 

expression of Qn -r^ • in terms of some flj for j < n. 

Using Lemma 12.21 this provides a recursive description of fl (that may or 
may not possess a solution) and proves its uniqueness. H 

The exponential of Q has a simple shape. 

Proposition 3.4 In the enveloping algebra U{PL), one has 

exp(fi) = ^ !••...•, (14) 



n< 

n>0 



where, in the n term, the forest has n nodes. 

Proof. This is an equation for the exponential exp(f7) of the element fl in the 
Lie algebra PL. By Proposition 12.31 it is enough to prove that 



exp*{n)^; (15) 

because the image by tt of the right-hand side of P^ is •. 

But this amounts to say that exp* is the inverse of Q in the group Grl . This 
is nothing else that Proposition [ 



It follows that 

n ^ (exp(f7) -i) = Yl t;^^^^!" °^ "' (16) 



Tl>2 



where Crljj is the corolla with n — 1 leaves and with root labeled by t], see Fig. 

m 



Proposition 3.5 The series 51 is the unique non-zero solution in PLq to the 
equation 

n>2 ^ '' 

where Y.n>2 (;i^Crl5j is m PL. 

Proof. This follows from Eq. (fTH|) and Prop. 



4 The quantum case 

We will introduce now an element Q,q in PL with coefficients in Q{q). We will 
show later that this is a g-deformation of fi. 

li A = J2n>i ^n is ^^ element of PL, let A[q] be the g-shift of A defined by 

AM = ^gM„. (18) 

n>l 

Proposition 4.1 There exists a unique solution Qq in PLq/^-j to the equation 

nq[q] ^ (exp(r2) -l)+nq[q]-nq^»^nq + {q- 1) •. (19) 

Moreover, the series flq has coefficients in the ring of fractions with poles only 
at roots of unity. 

Proof. Let us write flq = X)n>i ^9" where each Vlq^n is homogeneous of degree 

n. The homogeneous component of degree 1 of (|19p implies that fiq^i = •. 
Then for n > 2, the homogeneous component of degree n of equation p^ is 

{q"-l)nq^n=*-^^q,n-l-^T\ ^ 9^((f7q,^ ^ f7,„ J . . . ) ^ ^mi • 

fc>l ■ mi>l,...,mfc>l/>l 

(20) 

This provides an explicit recursion for Qq,n in terms of flqj and flj for j < n. 

This gives existence and uniqueness and also implies that Qq has coefficients with 

poles only at roots of unity. ■ 

On can reformulate the equation for Qq. 
Proposition 4.2 The series Clq is the unique solution in PLq/q\ to the equation 

E T;:^^^^" Oi,nq[q] - Qq ^ • -r^ Qq + {q - 1): (21) 

Proof. This follows from Eq. dUl) and Prop. HT] ■ 

Let Frk^ ^ be the rooted tree with a linear trunk of £ vertices, a vertex \\ on 
top of this trunk and a corolla with n leaves on top of the vertex \\, see Fig. [T] 
We will call this a fork. One has Frk£.„ = Lnr^^-^ oi, Crl„_(_]^. 



ion 



Proposition 4.3 The series Clq is the unique solution in PLq/^) to the equal 

^'^ = J2J2 ^F^l^L °^ "-^M + (1 - 9) E(-l)'"'Lnr,. (22) 



n\ 

l>On>0 i>l 



Proof. Let us compute the right-hand side of Eq. (P^ . using Eq. (pij) for ilg, 
written as 

n>l ^^ -^^ 




Figure 1: Rooted trees: Lnrg, Crlg and Fr^ 5 = Lnrg o^ Crlg. 

One gets 

^(-l)^-iLnr^ o^ {n,+»^ng + iq- 1) •) + (!- q) ^(-l)^-lLnr,. (24) 
e>i e>i 

As Lnr^ o[| • = Lnr^ and Lnr^ o^ (• ,r^ fig) = Lnr^ , -^ 0^^ ilg, the two right-most 
terms cancels, and the sum simpHfies to 

^(-l)^-iLnr^ Ob fig - ^(-l)''-iLnr^ o^ fig, (25) 

which is just fig. This proves that fig does satisfy Eq. (|22|) . 

It is then easy to see that ([55]) has only one solution in PLQ(q) by rewriting 
it as a recursion for the homogeneous components flg^n- ■ 

5 Image in the free dendriform algebra 

We describe in this section the image of fig by the usual morphism from the 
free pre-Lie algebra to the free dendriform algebra. We show that this image is 
related to a family of Lie idempotents in the descent algebras of the symmetric 
groups. One deduces from that a nice explicit formula, that will be used later 
to get arithmetic information on fig. 

5.1 Dendriform algebra 

Recall that a dendriform algebra (notion due to Loday, see |Lod01| ) is a 
vector space V endowed with two bilinear maps >- and ^ from V /Si V to V 
satisfying the following axioms: 

X -< {y -< z) + X -< (y >- z) ^ (x ^ y) ^ z, (26) 

xy {y-<z)^{x>-y)-<z, (27) 

X -^ {y y z) ^ {x y y) y z + {x ^ y) >~ z. (28) 

Any dendriform algebra has the structure of a pre-Lie algebra given by 

x^r\y — y>-x — x^y. (29) 



8 



Any dendriform algebra has the structure of an associative algebra given by 

x*y — x>-y + x-<y. (30) 

Remark: Eq. ([?7|) means that one can safely forget some parentheses. Eq. 
(I2S)) and 1^5]) can be rewritten as 

X < [y * z) = {x ~<y) < z, (31) 

X ■^ {y^ z) ^ {x -^ y) ■^ z. (32) 

Let Dend(S') be the free dendriform algebra over a set S. This has an explicit 
basis indexed by planar binary trees with vertices decorated by S. For an 
example of a planar binary tree, see Fig. [21 In particular, the free dendriform 
algebra on one generator, denoted by Dend, has a basis indexed by planar binary 
trees. This is a graded vector space, the degree #i of a planar binary tree t 
being the number of its inner vertices. 

There is a unique morphism Lp of pre-Lie algebras from PL to Dend that 

maps the rooted tree • to the planar binary tree Y. This extends uniquely to 
a continuous morphism ip from PL to the completion Dend of Dend. 

Remark: with some care, one can add a unit 1 to the free dendriform algebra 
Dend. Then one has l*a; = l;^a:: = a:: = a;^l = a;*l, but one has to pay 
attention to never write neither \ ^ x nor x )^ 1. We will use this convention 
in the sequel. 

There are two kinds of special planar binary trees: the left combs and the 
right combs. They can be defined as follows. Let L = X]n>i ^n be the unique 

solution in Dend to the equation 

L = Y + L^Y=(1 + L)^Y, (33) 

and let R — X]n>i ^" ^^ ^^"-^ unique solution in Dend to 

i? = Y + Y-<i? = Y-((l + i?). (34) 

Then L„ is called the left comb with n vertices and i?„ be the right comb 
with n vertices. 

If j4 = X]n>i^" i^ ^^ element of PL or Dend, the suspension of A is 

Proposition 5.1 The inverse of I + R with respect to the * product is 1 — L. 
Proof. One has L = \' — L >- Y. Let us compute 

(l-Z)*(l + i?) = l + i?-L*(l + i?). (35) 

By the definition of * and the convention on the unit 1, this is 

l + i?-Z-<(l + i?)-Z)-i? (36) 

By Eq. (155]) . this becomes 

l + i?-Y^(l + i?)+Z>-Y-<(l + i?)-Z^i?. (37) 

The last two terms cancel by Eq. ([M|) and one gets 

1 + i?- Y^ (1 + i?), (38) 

which is just 1, again by Eq. 



5.2 Equation for the dendriform image of Qg 

Let us define a series E = X]n>i ''^-^n in Dend. One can easily show that 

E^L + E'^V. (39) 

Lemma 5.2 T/ie series B = ifii^^^yi LnrJ^) satisfies 

S^ = Y^ + B^^V-V^B^ (40) 

Proof. This comes from a similar equation in PL. Let Lnr^ — ^^^^j^Lnr^. 
Then 

Lnr^ = •^ + • ^ Lnr\ (41) 

as one can easily check. ■ 

These relations can be taken as definitions of the elements E and B^ of Dend. 
One can forget the marking b in B^ to define a series B. 

Proposition 5.3 The series B = <y3(X]n>i Lnr„) satisfies 

E = {1 + L)*B. (42) 

Proof. One has to show that E — {1 + L) * B. It is enough to prove that 
{1 + L) * B does satisfy the defining relation ((5^ of E. 
One computes, using Eq. (jlU]) for B, 

(1 + L)*B== (1 + L)*(Y + S^ Y- Y^B). (43) 

Expanding the * product, this is 

(l + L) y Y + L -< Y + (l + L) y{By Y- Y ^B) + L^{By Y- Y ^ B). 

(44) 
Using Eq. ([33ll and the dendriform axioms, this becomes 



i + L^Y+((l + L)*B)^Y-(l + L)^Y^B + L^(B^Y-Y-<S). 

(45) 
Using Eq. ([33| again, one gets 

i + ((1 + L) * B) )- Y + L ^ (Y - B + B >- Y - Y -( B). (46) 

This simphfies, by Eq. (gOl) for B, to 

L+((1 + L)*B) ^ Y, (47) 

as expected. H 

Lemma 5.4 The image o/^^^^j^ (w-Di '-'^-'-n ^V f ^^ 

(1 + i?)^ Y^ ^ (1-Z). (48) 

Proof. This was proved in |Ron01[ IRonOOi ICha02bj . ■ 
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Proposition 5.5 The image ofJ2i>aJ2n>o h^^^K.n ^V '^ ^^ 

(l + i?)*Y^*(l-Z), (49) 

where Y is the planar binary tree Y with vertex labeled by \\. 
Proof. Let Z) = (1 + i?) * Y'' * (1 - Z). Let us first show that 

I? = (l + i?)^ Y^ -((l-Z) + Y^i^-7^^ Y. (50) 

Expanding the * product, one computes 

D = {{l + R)* Y^) ^ (1 - Z) - ((1 + R) * Y^) >- L. (51) 

Then one gets, by expanding again, 

(1 + i?) ^ Y^ ^ (1 - Z) + (i? ^ Y^) ^ (1 - Z) - ((1 + R) * Y^) y L. (52) 
Using the dendriform axioms, this is 

(1 + i?) ^ Y^ ^ (1 - Z) + i? ^ (Y^ * (1 - Z)) - ((1 + R) * Y^) y L. (53) 
Then by Eq. ([55)1 and ([5^ . this can be rewritten 

(1 + i?) ^ Y^ ^ (1 - Z) + (Y ^ (1 + R)) -< (Y^ * (1 - Z)) 

-((l + i?)*YV((l-^)^V). (54) 
One gets, using the dendriform axioms, 

(l+R) ^ Y^ ^ (1-Z)+Y ^ ((l+i?)*Y^*(l-Z))-((l+i?)*Y^(l-Z)) y Y. 

(55) 
This proves the equation ([50]) for D. 

Let us show now that D' - (E,>,(-l)^-V(Lnr^)) °b (E„>i jri^M^^^^)) 
does satisfy the same equation as D. 

By Lemma EH one has 

D' ^B^o\?{{l + R)y^^ ^{1-L)). (56) 

By Lemma [521 one has S^ = Y^ - S'' ^ Y + Y ^ B^ hence 

D' = {1 + R)y^^ ^{1-L) + ^ ^D'-D'^^. (57) 

By uniqueness of the solution D of Eq. ([50]) . one has D = D' , i.e. 

(1 + i?) * Y^ (1 - Z) = (5](-l)^- V(Lnr^)) °b (E 7;7^^(^^1«))- (58) 

£>1 n>l ^^ '■ 

Therefore 

(1 + i?) * Y^ (1 - Z) = ^ I (E(-l)^-iLnr^) o, (^ T^^Crli) ) , (59) 

y e>i n>l ^ '' J 

which is exactly the expected image by i^j of a sum over forks. ■ 
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One can now deduce a useful functional equation for the image of Qq by ip, 
using only the associative product * of Dcnd. 

Proposition 5.6 The series ip{^q) is the unique solution in Dend of 

ifiiflq) = (1 - Z)-i * 'pinqM * (1 - Z) + (1 - g) ^(-l)^-V(Lnr,). (60) 

Proof. Let us start from Eq. (1^^ . By Prop. 15.51 we know the image by (f of 
the sum over forks. One gets 

^{Qq) = ((1 + i?) * Y^ (1 - Z)) o^ ^{QqM + (1 - 9) ^(-1)'- V(Lnr,). (61) 

e>i 

Then one can used Prop. l5.1l to replace 1 + i? by the inverse of 1 — L. ■ 

5.3 Explicit formula 

We will prove in this section that the image of flq by (p coincides (in some sense) 
with a known family of Lie idempotents, and has an explicit description using 
q-binomial coefficients, descents and major indices of planar binary trees. To 
obtain this description, we use a result on noncommutative symmetric functions. 
We refer to the articles |GKL+95[ IKLT97t [DKKT97J for background on this 
subject. We will use the notations of |KLT97| . 

The algebra Sym of noncommutative symmetric function is the free unital 
associative algebra on generators Si, 82, ■ ■ ■ ■ It is a graded algebra (with St 
of degree j), with a basis (S"/)/ indexed by compositions. There is another 
basis iRi)i obtained from the basis {Si)i by Mobius inversion on compositions 
ordered by refinement. By convention, Sq is the unit of Sym. 

As Sym is free, there is a unique morphism 6 from Sym to Dend which 
maps Si to the left comb Li for each J > 0, with the convention that Lq is the 
unit of Dend. 

One can check that 9 is the usual morphism from Sym to Dend, considered 
for instance in pNT05i. §4.8] and JMM,- 

In Sym, there are elements V^i for i > 1, uniquely defined by the conditions 

n-l 

nSn = ^S,*■^n^^, (62) 

i=0 

for all n > 1. 

Proposition 5.7 The image of'^i by 9 is (^(Lnr^). 

Proof. This is a corollary of Prop. 15.31 Indeed, one has 

l + L = ^9{Sn) and E=^n9{Sn). (63) 

n>0 n>l 

Therefore 

i3 = 5]0(*„). (64) 

n>l 
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Figure 2: A planar binary tree t with descents at 2 and 4. 



We need to introduce the foUowing notations. 

The leaves of a planar binary tree with n vertices are labelled from to n 
from left to right. The leaves with labels different from and n are called inner 
leaves. A descent in a planar binary tree t is the label of an \-oriented inner 
leaf. The descent set D{t) of t is the set of its descents. 

The number of descents of a planar binary tree t will be denoted d(t). It 
satisfies < d{t) < n — 1 for a tree t of degree n. 

The major index maj(t) of t is the sum of its descents. For example, Fig. [5] 
displays a planar binary tree with descent set {2, 4} and major index 2 + 4 = 6. 

Let us recall that the descent set D{I) corresponding to a composition / = 
(ii, . . . , ik) of n is the set {ii,ii + i2, . ■ ■ ,ii + ■ ■ ■ + ik}- 

Proposition 5.8 The image by 9 of Ri is the sum 



E * (65) 



#t=n 
D(t)=D(I) 

of all planar binary trees with n vertices and descent set D(I). 

Proof. This is a well-known property of the injection of Sym in Dend. ■ 

In [KLT97| . elements ^Pnlj^-), for n > 1, are defined by some "change 
of alphabet" applied to the elements '^n- According to the proof of [KLT971 
Theorem 6.11], they are characterized by 

E *"( A) = f E sr] f E '^"*"( A)l f E s^ + E *«• (66) 

n>l ^ \n>0 J \n>l ^ J yn>0 J n>l 

There is a classical isomorphism a from Sym to the direct sum of all de- 
scent algebras of symmetric groups. By this morphism, up to a multiplicative 
constant, each ^n{jz-) is mapped to a Lie idempotent with coefficients in Q(g) 
in the descent algebra of the n'^ symmetric group. 

We can now state the precise relation between flq and these Lie idempotents. 



Proposition 5.9 The image of (1 — q)'9{j^) by is (p(i7g). 
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Proof. Indeed, by Proposition [STU one has 

Y, V{^<i) = (1 + L)-^ * ifi^gM) *a + L) + {l-q)J2 V'lLnrn). (67) 

n>l ?i>l 

Then using Prop. Oand Eq. ^^, one gets that ^((l - q)'^{-^)) and ip{flq) 
satisfy the same equation, hence they are equaL ■ 

Let flq^n be the homogeneous component of degree n oi flq. 

Proposition 5.10 One has 

Proof. The Theorem 6.11 of |KLT97j tells that the element (1 -<?)*„( j^) is 

By Prop. 15.91 the image by 6 of this formula is {—l)'"'^^(p{flq,n)- By Prop. 15. 8[ 
this becomes the expected formula. ■ 

6 Arithmetic properties 

In this section, we obtain some properties of the denominators in f2g and consider 
what happens when q is specialized to 1, and oo. 

6.1 q = l 

Let us first note that the morphism ip from PL to the completed free dendriform 
algebra Dend is defined over Q and injective. Hence one can deduce results on 
fig from results on its image by if. 

Proposition 6.1 The series flq is regular at q = I and r2g=i = fl. 

Proof. By Proposition l5.10[ the image ip{i^q) is regular at q = 1, as g-binomial 
coefficients become usual binomial coefficients when q = 1. Therefore Qq itself 
is regular at g = 1. 

At g = 1, the equation (fT9|l becomes the equation (fT2| . By uniqueness in 
Proposition [231 the value of fig at q = 1 is J7. ■ 

Remark: knowing that f2g=i — Q, one can use equation (j20p to compute 
simultaneously flq and fl up to order n in a 0{n^) number of pre-Lie operations. 

There is a lot of cancellations in the coefficients of flq, leading to a reduced 
complexity of the denominators. Note that the expected denominator of Qq^n 
(from recursion ((20)) ) is the product 11^=2(5''' ^ ^)- ^'^^ ^d. be the d*'* cyclotomic 
polynomial. 

Proposition 6.2 The common denominator of the coefficients of the element 
rign divides the product Od=2 ^d- 

Proof. For the image of ilq by (p, this follows from Prop. 15.101 and a simple 
property of the g-binomial coefficients: their only roots are simple roots at roots 
of unity, see [GZ06[ Prop 2.2]. This implies the same result for flq. ■ 
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6.2 q = 

Let us consider now what happens when q = 0. Then ^Ig is well-defined, i~iq[q] 
vanishes and the equation ([1^ becomes 

f7o=»-«^rJo. (70) 

It follows that r^o is the alternating sum of linear trees. 

6.3 q = oo 

Let us now consider what happens when q = oo. Let LUq^x be the coefficient of 
the rooted tree T in the expansion of fig. We will call valuation at g = cx) 
the smallest exponent in the formal Laurent expansion in powers of q^^ of an 
element of ( 



Proposition 6.3 The valuation of LUq^x at q — oo is at least =ffT — 1. 

Proof. This will follow from the recursion (|20p . This is true in degree n — 1. 

Let us assume that n > 2. Then the valuation of • .r^ f2g,„_i is at least n — 2 
by induction and the valuation of each term of the rightmost sum in equation 
(PO)l is at least —1. Hence the valuation of flq,n is at least n — I. ■ 

Hence there exists a limit floo for Qq[q]/q when q goes to cx) and the limit of 
rjg/g is zero. 

The equation (|19p . divided by q, becomes at g = oo, 

rioo ^ exp(17) = •. (71) 

By right action by exp(— fi), this is equivalent to 

n^=9-r-,exp{-n). (72) 

The element exp(— il) is the inverse of exp(rj) in f/(PL). This has been 
computed in |CL07[ §6.4]. More precisely, the inverse of J2n>i in^iv. '^^'^^^ ^'^ 
the group of characters of the Connes-Kreimer Hopf algebra was shown there 
to be 

y ^ \ , T, (73) 

where aut(r) is the cardinal of the automorphism group of the rooted tree T. 
But it is known [CLOlj that this group of characters is isomorphic to the group 
of group-like elements in C/(PL). Going through the isomorphism, one gets the 
following result. 

Proposition 6.4 The series floo is given by 



v^( -l)#^- \ 
aut(r) 



"- = E J.rrr., T. (74) 



T 
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7 Morphisms and images 

In this section, we consider two quotients of the free pre-Lie algebra PL and the 
images of flq in these quotients. We will use some results of |Cha02a| . 

7.1 Morphism to the free associative algebra 

Consider the free (non-unital) associative algebra on one generator x, denoted 
by Q[a::] + . As the associative product is also a pre-Lie product, there exists a 

unique morphism of pre-Lie algebras from PL to Q[a;]_|_ sending • to x. This 
extends uniquely to a morphism from PL to the algebra Q[[a;]]+ of formal power 
series in x without constant term. 

One can show that this morphism send the linear trees Lnr„ with n vertices 
to the monomials x" and all others trees to 0. 

It is known (see |Cha02aj ) that the image of fl is the formal power series 

log(l-Hx) = y^ '- x". (75) 



Therefore the image of exp(r2) — 1 is just x. Note that the right action is mapped 
to the product. 

One deduces from Eq. ([1^ that the image of 51^ is the g-logarithm defined 

by 

log,(x) = ^ ^j^^:", (76) 

n>l ^'^^9 

which is the unique solution to the functional equation 

x^ogqiqx) ^ xlogg{x) + (q - 1) X - \ogg{qx) +log^(a;). (77) 

7.2 Morphism for corollas 

As shown in [Cha02a| . the subspace of PL spanned by trees that are not corollas 
is a two-sided pre-Lie ideal. 

The quotient pre-Lie algebra is isomorphic to the following pre-Lie algebra. 
Let us identify the image of the corolla Crl„+i with n leaves to x" for all n > 0. 

In particular, the tree • is mapped to 1. The underlying vector space is therefore 
identified with Q[x] and the pre-Lie product is 




(78) 



It is known (see |Cha02aj ) that the image of fl is the generating function 
for the Bernoulli numbers. 



exp(a:;) — 1 

One can also show (using the description of the quotient -j^ product given 
above) that the right action of the image of exp(ri) — 1 is just given by the 
product by exp(a;) — 1 and the right action by the image of flq is given by the 
product by x. 
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Then, from Eq. (fTO]) . one gets that the image Fq{x) of flq satisfies the 
following equation 

(exp(a;) - l)[qFg{qx)] =x + q-l- qFq{qx) + Fq{x). (79) 

This functional equation is known (see for instance [Sat89| ) to describe the 
generating function 

P-T.Mq)^, (80) 

n>0 

where (3q{n) are the g-BernouUi numbers introduced by Carlitz in 1948, see 
[(]ar48l[Ca^K]ar58j . 

Therefore the coefficients of the corollas in Vtq are the q-Bernoulli numbers 
of Carlitz. 

7.3 Morphism to a pre-Lie algebra of vector fields 

There exists an interesting morphism from PL to a pre-Lie algebra of vector 
fields. We describe it here only as a side remark, as the image of Vlq seems to 
have no special property. 

Consider the the vector space V — Q[a;] + , endowed with the following pre-Lie 
product: 

if ^g)=xfd^g. (81) 

Then there is a unique morphism from PL to V sending • to x. 

This map has the following nice property: the coefficient of x" in the image 
of a series A is the sum of the coefficients of the trees in the homogeneous 
component An of A. The proof is just a check that this sum-of-coefficients map 
defines a morphism of pre-Lie algebra from PL to V . 

8 First terms of some expansions 



2 3 12 4 12 12 




1| 3Y 1^ lo^ 1^ 1^ lf„ la^_ 
5 40 10 180 60 20 120 120 


1 S^ 

720 



(82) 



For all n > 1, let <&„ be the n cyclotomic polynomial 



Qq 



_ J_l _ g Y _ g' c^ _ g(g-l) Q^ 

$2<i'4 2$3$4 $2$3<i>4 6 $2<i>3$4 

^2\Qp „2 P „/„3 , „2 _ l\nOn „4 QQ „3 



ll^ q{l + q + q^) ^ ^ q' j ^ qjq' + q' - l) o^ ^ q' ^^ q' J 

$5 2$2$4<I'5 $4^5 6$3$4<i>5 2 $3 $4 $5 <i>2<I'4$5 

g^(g^ + g^-i) <f , g^(g^~g-i) a^o , g(g"-g-^-2g^-g + i) ^ ^ 



?^-l)<f , g^(g^~g-l) a^o , q{q'-q' 

2 $2<f>3<i>4$5 2$2$3$4*5 24 <i>2<i>3$4<i>5 



(83) 
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^ ^oo 



.-2 



2 2 



•_o^_ lo^_ 



1 



T+f- 



2 2 24 



(84) 



flo 



2 



+ 



(85) 
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